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s^ ' Abstract. In afBne term structure models the short rate is modeUed 

^1 as an affine transformation of a multi-dimensional square root process. 

Sufficient conditions to avoid negative volatility factors are the multivari- 
ate Feller conditions. We will prove their necessity for a 2-dimensional 
l/^ , square root SDE in canonical form by presenting a methodology based 

O^ ' on measure transformations and the trivial fact that a random vari- 

able assumes negative values if it has negative expectation. We exploit 
L> ' , the property that solutions to square root SDEs have expectations which 

J^ ' solve a system of linear differential equations. As an aside we will present 

•"^ I two proofs for the martingale property of the density processes used in 

r^ . completely affine models. 



-y-s . 1. Introduction 

.^ ■ 1.1. Problem and motivation. In recent years, affine term term struc- 

(SJ ! ture models (ATSMs) have become a popular instrument for modelling the 

CN ■ dynamics of a term structure, i.e. the dynamics of the short interest rate 

and the long interest rate. These models have been introduced by [5] and 
r^ I can be regarded as a multi-dimensional extension of the Cox-Ingersoll-Ross 

model [2]. The short rate is modelled as an affine transformation of a (pos- 
f^ ! sibly multi-dimensional) state factor X which satisfies a multi-dimensional 

square root SDE. The diffusion part involves square roots of affine transfor- 
mations of X, which are called volatility factors, or just volatilities. Condi- 
, tions need to be imposed on the parameters to guarantee that the volatility 

C^ ■ factors do not become negative, in order to assure pathwise uniqueness and 



>< 



to justify the Feynman-Kac formula for the bond price, see [12] for a detailed 
discussion. As shown in [5] sufficient conditions for this are the so-called mul- 
tivariate Feller conditions, but they are not known to be necessary (see [U 
footnote 6]). 

Imposing the Feller conditions is not always desirable in practice, as they 
might contradict with certain economic principles. In [TT] this is observed 
for a 2-factor model where the state factor consists of the interest rate and 
inflation. It turns out that estimating the model without the Feller condi- 
tions yields parameter values that are in agreement with economic theory. 
Therefore, the question is raised whether these conditions can be relaxed. 
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However, the model proposed in [11] is actually a discrete-time ATSM. Im- 
posing the Feller conditions for excluding negative volatility factors is mean- 
ingless in discrete time, since negative volatilities always occur with positive 
probability, due to the normally distributed jumps of the process. Instead, 
|11| mainly investigates the mathematical correctness of the discrete-time 
ATSM, with or without the Feller conditions. 

In the present paper we try to answer the initial question whether the 
Feller conditions are necessary for excluding negative volatility factors in 
continuous time. We focus on two 2-dimensional square root SDKs in canon- 
ical form, one with proportional volatilities and one with linear independent 
volatility factors, see further down for a precise formulation. The dimension 
is restricted to 2, since more or less only for this case explicit computations 
can be performed. The proportional case is interesting from a practical point 
of view, as it is the underlying SDE for one of the 2-factor models proposed 
in [llj . Simulations suggest that for some parameters, the volatility factor 
stays positive almost surely, even though the Feller conditions do not hold. 
We refer to Figure 1 in [11] for an illustration. However, in this paper we 
prove that this suggestion is false: without the Feller conditions there is 
always positive probability that the volatility attains a negative value. 

1.2. Notation and definitions. With Srn(p) we denote the class of p- 
dimensional square root SDEs with m volatility factors. That is, an element 
in §m(p) is an SDE of the form 



(1.1) dXt = [aXt + h)dt + ^^J\v{Xt)\dWu X(0) = xo G M^, 

with X a p-dimensional stochastic process, W a p-dimensional Brownian 
motion, a G W^'^, b G W, S G W^^ non-singular. The j-th. column of 
S is denoted by T,^ . Furthermore, v{Xt) denotes the diagonal matrix with 
diagonal elements Vi^t = Vi{Xt) = Oi + (3iXt, which we call volatility factors 
or volatilities. Here Qj G M and /3j is a p-dimensional row- vector. We let 
a = (ai, . . . ,ap), (3 the matrix with i-th row equal to (3i and m the rank 
of (3. The initial value xq is taken such that 'Ui(xo) > for all i. We write 
y^|u(Xt)| for the diagonal matrix with diagonal elements y^lV^^f |. When 
Vi,t > a.s. for all i, we omit the absolute sign and write ^/Vt instead. Later 
on we will use the notation sgn {v{Xt)) for the diagonal matrix with diagonal 
elements sgniVi^t)- 

Existence of a weak solution to an SDE in Sm(p) holds, since the drift 
and diffusion part are continuous functions which in addition fulfil a growth- 
condition, see Theorem IV. 2. 3 and IV. 2. 4 in [7]. To prove that existence and 
uniqueness of a strong solution holds (equivalent to pathwise uniqueness by 
Theorem IV. 2.1 in [7]) appears very difficult for general square root SDEs. 
The diffusion part is not Lipschitz-continuous, so standard results, like The- 
orem IV. 3.1 in [7], are not applicable. Instead, one can use Theorem 1 
in [13], but this result only applies to square root SDEs which can be writ- 
ten in a certain canonical form (denoted by Am{p) and Cp{p) below), for 
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example when the Feller conditions are satisfied. In general though, we do 
not know whether existence and uniqueness of a strong solution holds for a 
square root SDE in Sm{p)- 

Sufficient conditions for strictly positive volatility factors Vi^t are the mul- 
tivariate Feller conditions from [5], named after Feller's test for explosions. 
We consider a weak version of these conditions which are sufficient for non- 
negative instead of strictly positive volatility factors. These weak Feller 
conditions are given by 

(1.2) Vi, Vj : AS-'' = or dVi C dVj, 

(1.3) Vi, Vx G dVi :(3i{ax + b)>0. 

Here dVi denotes the boundary {x € M^ : Vi{x) = 0,Vj{x) > 0,Vj}. 

The subclass Cm{p) C Smip) contains the square root SDKs which are in 
canonical form, i.e. 

(1.4) S = /, Vi= Xi, for i < m, 

with / the identity matrix. We adopt the notation of [3] for the class Am.{p), 
the SDEs which are in canonical form and in addition satisfy the weak Feller 
conditions. In canonical form, the Feller conditions translate as 

(1.5) i,j<m,k>m =^ 

aij > for i / j, a^t = 0, hi > 0, a^ > 0, Pki > 0. 

If X solves a square root SDE in Sm(p) which satisfies the weak Feller con- 
ditions, then there exists an affine transformation of X which solves an 
SDE in canonical form, see the appendix in [3] and Chapter 4 in [12]. It 
is remarkable that when the volatilities are proportional, the Feller condi- 
tions are not needed for this. This will be proved in Proposition 14. li We 
write S(p)c §i(p) for the p-dimensional square root SDEs with proportional 
volatilities (that is, qj = ai and Pi = Pi for all i), and similarly C(p) for 
those in canonical form. 

1.3. Set-up. The rest of this paper is organized as follows. In Section [2] we 
present the methodology to prove the necessity of the Feller conditions for 
non- negative volatility factors for the general class §m (p) ■ Explicit computa- 
tions are only possible for the special cases C2(2) and §(2), which we provide 
in the remaining sections. The method is based on solving a system of linear 
ODEs satisfied by EXt and transforming the underlying probability measure 
via a certain exponential density process L. For the method to work, it is 
necessary that L is a martingale. This is relatively straightforward for the 
class C2(2), but much more difficult to show for §(2). Therefore, we first 
prove the necessity of the Feller conditions for the class C2(2) in Section [3l 
before tackling the harder case §(2). We use two sections for working out 
the methodology for the latter. Section [4] is entirely devoted to verifying a 
local version of Novikov's condition (as given in Corollary 3.5.14 in [lOJ), in 
order to prove the martingale property of L for S(2). Section [5] deals with 
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solving the systems of linear ODEs and proving the necessity of the Feller 
conditions for S(2). 

Though slightly off-topic, we have added an appendix with the proof that 
L is also a martingale for the class Am{p)- We have two reasons for this. 
In completely affine models (see [4]) one uses this particular exponential 
process L to relate the physical with the risk-neutral measure for SDEs in 
the class Am{p)- However, the fact that L is a legitimate density process 
(i.e. a martingale) is obscured in the literature. Therefore we clarify this 
once and for all. We give two proofs that L is a martingale. Both serve 
as underlying ideas for proving the martingale property of L for the other 
classes S(2) and C2(2), which is the second reason. 

2. Methodology 

This section presents the methodology to prove the necessity of the (weak) 
Feller conditions with respect to excluding negative volatility factors. The 
underlying idea applies to the general class §m (p) , though explicit computa- 
tions are un-doable for higher dimensions. The general scheme for proving 
necessity of the Feller conditions consists of the following steps: 

Step 1. Let {X,W) be a weak solution to (jl.ip on some filtered proba- 
bility space (ri, JP", (.7^t),P). Then 'EpXt solves a linear ODE by 
Lemma [27T] below, so we can compute EfVi^f 

Step 2. Let 

(2.1) L^ := £{ [ A^sgn {v{Xs))VHXs)\dWs)t, 

Jo 

where A € M^. Fix an arbitrary time interval [0, T], with T > 0. 
If the process L^ is a martingale on [0, T], then we can transform 
the measure P into an equivalent probability measure Q"^ on 
J-T by dQ"^ = L^dF. By Girsanov's Theorem (Theorem 3.51 
in [TO]), W^^ defined by dWt^ = dWt -sgn {v{Xt))y'\v{Xt)\Xdt is 
a Brownian motion under Q"^ on [0,T]. Moreover, the resulting 
SDE for X under Q'^ is still a square root SDE: 

(2.2) dXt = (aXt + b + ^viXt)X)dt + ^y/\viXt)\dWt^, 

where we can view the integral with respect to W as a stochastic 
integral under Q by Proposition 7.26 of [8]. As in Step 1, also 
FjQxXt solves a linear ODE. 
Step 3. Under violation of the Feller conditions, for each t > we find 
XeW such that EqxV^ < 0. Then obviously Q^{Vi^t < 0) > 
and by equivalence of measures also P(Vi_t < 0) > 0. 

Lemma 2.1. Let {X,W) be a weak solution on some filtered probability 
space (0,J^, (J^t),P) to 

dXt = (aXt + b)dt + ait, Xt)dWt, 
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with W a p-dimensional Brownian motion, a G M^^^, b £ W, a : [0, oo) x 
MP — > W^P measurable and satisfying the growth condition 

||c(t, x)|| < K{1 + ||x|| ), for some positive constant K. 

//E||Xo|p < oo, then xt = EXt solves the ODE 

dxt = {axt + b)dt, x(0) = EXq. 

Proof Taking expectations gives 

EXt = EXo + E / {aXs + b)ds + E / a{s, Xs)dW,. 
Jo Jo 

By application of Problem 5.3.15 in [10] it holds that 

E max \\Xs\\ < oo. 

0<s<t 

In addition to the growth condition this implies that the stochastic integral 
is a martingale, whence its expectation equals zero. The result then follows 
by an application of Fubini. D 

We apply this methodology to the classes €2(2) and §(2). For SDEs in 
C2(2) pathwise uniqueness holds, which we can use in Step [2] to verify the 
martingale property of the exponential process L^. However, for SDEs in 
S(2) it is not clear whether we have pathwise uniqueness. Therefore, we 
use an alternative method to prove that L^ is a martingale by verifying 
Novikov's condition. We are able to do this only up to the stopping time 
r = inf{t > : Vi^j < 0} though. Consequently, we have to take 

(2.3) L^ := £{ [ X'^/v{X,^r)dWs)t, 

Jo 

for the density process instead of (j2.ip . The result ^{Vi^t < 0) > obtained 
in Step [3] needs to be replaced by P(r < t) > 0. 

3. Negative volatility for €2(2) without Feller conditions 

Consider the class C2(2) of square root SDEs with independent volatilities 
(meaning that /3 has full rank). For notational convenience we write Vt for 
the first coordinate of a solution to the square root SDE, and Yj for the 
second coordinate. So we consider SDEs of the form 

(3.1) dVt = {auVt + auYt + bi)dt + y/\^\dWi,t, M) = ^0 > 0, 

(3.2) dYt = {a2iVt + a22Yt + b2)dt + y/\Y^\dW2,t, ^o = yo > 0. 

The Feller conditions (jl.5p in this case read 012,021 ^ and 61,62 ^ 0. We 
shall violate the condition ai2 > by assuming 

(3.3) ai2 < 0, 
whereas we strengthen 021 > and 62 > to 

(3.4) a2i>0,62>0. 
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In this section we apply the method as described in Section [2] to show that 
Vt attains a negative value with positive probability, for all t > 0. The 
SDE (12. 2p . obtained after the measure transformation described in StepO 
assumes the form 

(3.5) dVt = {a^^Vt + auYt + bi)dt + ^/\V^\dWi^^t, '^^o = «o > 0, 

(3.6) dYt = {a2iVt + a^^Yt + b2)dt + y^\dWl^, Yo = yo>0, 

with a^-^ = aii+Ai and 032 = a22 + A2. So in the corresponding ODEs for the 
expectation, the parameters a^j^ and 052 depend on the chosen underlying 
probability measure and are thus free to choose. We show that these can 
be selected in such a way that the first coordinate EV( gets negative, from 
which it follows that Vt gets negative with positive probability. Below we 
suppress the dependence of an and 022 on A. 

Proposition 3.1. Let ai2, a2i, bi, 62, xq >0, yo > be arbitrary but fixed 
parameters and let an and a22 be variable. Consider the family of systems 
of differential equations parameterized by aii,a22-' 

(3.7) X = aiix + ai2y + bi, a;(0) = xq > 0; 

(3.8) y = a2ia; + a222/ + 62, y(0) = yo > 0. 

Write x{t,aii,a22) for the solution x{t) depending on an and a22- As- 
sume ( t^.g)) and 1^3.4^ . Then for all to > there exist an and a22 such that 
x{to,an,a22) < 0. 

Proof We use the following notation: r is the trace of a, A its determinant, 
p = ai2b2 — a22^i, X = p/A, D = t^ — 4 A. By eliminating y we obtain a 
second order equation for x: 

(3.9) X-TX + Ax- p = 0. 
If A 7^ this has the general solution 

x{t) = Sie^i* + S2e'"2* + X, 

where tj = |(t it VD), i = 1,2. We take an = and a22 > such that 
D > 0. Notice that an = implies A > 0. Solving for B2 gives 

ri{x - xq) + ai2yo + bi a^yo , 012(^2 + «2ia^o) , ^/ -sx 

B2 = = \ 2 ^ <^1022 J, 

^2 - ri a22 a22 

as a22 -^ 00. Hence B2 < for a22 big enough by the assumptions (j3.3p 
and (13.41). Furthermore it holds that 



ri = 0{a22), r2 = a22 - 0{a22), as a22 -^ 00, 
From this it easily follows that for arbitrary io > we have 
xito,0, a22) = Bie'^'° + ^26"^*" + x 

= xoe^i^o - x(e''i*o - 1) + S2(e''2*° - e^'^'o) -^ -00, 
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as 022 — > oo, since i?2e''^*° tends to — oo and dominates the other terms. 
Hence, the choice an = and 022 > big enough results in x(to, «iij 022) < 
0. D 

Theorem 3.2. Let {{V,Y),W) be a solution to 113. 1\) . \3.2\) . on some filtered 
probability space {^,J-, {J-t),^)- Assume 1^3.4^ and that the Feller conditions 
are violated by i3.3\) . Then for all t > it holds that 

F{Vt < 0) > 0. 

Proof We follow the methodology as described in Section [2l Time is re- 
stricted to an arbitrary but finite interval [0, T], with T > 0. In addition to 
the existence of a weak solution we have pathwise uniqueness by Theorem 1 
in [13], which implies existence of a strong solution by Theorem IV. 2.1 in [7j. 
Hence we can apply Proposition IA.3I to obtain that L^ as defined by (j2.ip is 
a martingale for all A G M^. So we can change the measure P by dQ^ = L^dF 
and obtain an SDE under Q up to time T, as given by ()3.5p and ()3.6p . By 
Lemma I2. II and Proposition 13. 11 for all t £ (0, T] we can choose A such that 
'E'QxVt < 0, which implies that Q^{Vt < 0) > 0. By equivalence of measures 
it follows that P(Vt < 0) > for all t £ (0,T]. Since T > was chosen 
arbitrarily, the result holds for all t > 0. D 

4. Measure transformation for S(2) without Feller conditions 

Now that we have applied the methodology of Section [2] to the class C2(2), 
we would like to do the same for §(2). Since we do not know whether 
pathwise uniqueness holds for solutions to SDEs from this class, we need to 
do some extra work in Step [2] for verifying the martingale property of L^. 
This is done in the current section by checking a local version of Novikov's 
condition. Then we work out the remaining steps for proving necessity of 
the Feller conditions in the next section. First, however, we show that every 
SDE in S{p) can be rewritten in canonical form. 

Proposition 4.1. Let {X,W) be a solution on some filtered probability 
space (0,.F, (J^j),P) of a p- dimensional square root SDE from S(p) with one 
volatility factor Vi^t = ai + PiXt (ai G M, /3i a p-dimensional row vector, 
not equal to zero): 



dXt = {aXt + h)dt + T.^\Vi,t\dWu 

a G RP^P, b £W and S G W'^'p non-singular. Then there exists an affine 
transformation X of X such that X solves an SDE from C{p): 



(4.1) dXt = (aXt + b)dt + ^\Xi^t\dWu 

where W is an orthogonal transformation of W , whence also a Brownian 
motion. Moreover, Xi^t = cVi^t for some positive constant c > 0. In addition 
we can take aij > for j 7^ 1 . 
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Proof We need to find K G Wp and t£W such that for X = KX + £we 
have 



Vi,t\KJ:dWt = \J\Xi,t\dWt, 

i.e. Xi^t = cVi^t = ctti + c(3iXt for some c > and KY^j \fc is orthonor- 
mal. The first requirement is fulfilled if K\ = c/3i and i\ = ca\. For the 
second requirement we need that the first row of KYjj ^fc has length one, so 
||(KS/V^)i|| = \\KxY.l^c\\ = ||v^/?iS|| = 1, i.e. c = l/H^Sf. This gives 
that ii = ca\ = ai/||/?iS|p and we may take £j arbitrarily for i ^ 1. More- 
over the remaining row vectors of KT,/ y/c should be mutually orthogonal 
and orthogonal to the first row vector, while also be of length one. Choose 
such vectors fcj, j = 2, . . . ,p and write M for the matrix with these row 
vectors. Then we take 

Thus the SDE for X = KX + £ is of the canonical form (gj]). If ay < for 
J 7^ 1, then we take —Xjt instead of ^j,t, which also gives a canonical SDE 
(replacing Wj^t by —Wj^t still gives a Brownian motion), but with oij > 
instead. □ 

As a consequence of the previous proposition, it is sufficient to consider 
necessity of the Feller conditions (jl.Sp for the SDEs in C(2), which read 
ai2 = and 6i > 0. We only consider the first condition. In view of 
Proposition 14. II we may always assume ai2 > 0, so we violate the first Feller 
condition by 

(4.2) ai2 > 0. 

Remark 4.2. When ai2 = we are essentially dealing with a 1-dimensional 
square root SDE. Then 6i > is the remaining Feller condition, for which 
necessity follows by the 1-dimensional Feller's test for explosions (Theo- 
rem 5.5.29 in [T0]1. 

As in Section [3l we write Vt for the volatility factor Xi^f Moreover, for 
ai2 > we may substitute Yt = X2^t + ^1/^12 for the second coordinate so 
that the resulting SDE is of the form 



(4.3) dVt = {auVt + ai2Yt)dt + y/\Vt\dWi,t, Vq = vo> 0, 

(4.4) dYt = {a2iVt + a22Yt + h2)dt+^/Wi\dW2,u lo = yo e K. 

Hence, for 012 > we can assume without loss of generality that 61 = 0. 
Note that in the present notation we have r = inf{t > : 14 < 0}. 

We prove that L^ defined by (12. 3p is a martingale for all A € M^ by 
verifying Novikov's condition. The proof is similar to the proof of Proposi- 
tion [231 but more complicated due to the violation of the Feller conditions. 
Notice that for Amip), Novikov's condition is satisfied under the additional 
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requirement (lA.2p . Likewise, for C(2) without Feller conditions we need an 
additional condition to justify Novikov's condition, namely 



(4.5) 



Oil < 0, 022 < and deta > 0. 



Note that this implies negative real parts for the eigenvalues of the matrix 
a, whence a solution X is mean-reverting. This latter property would sug- 
gest more "stability" for X, and hence more integrability properties (like 
Novikov's condition). 

We first prove some lemmas. 

Lemma 4.3. Let {{V,Y),W) be a solution to li4-3{ ), IJi4-4\ ): on some filtered 
probability space {^,J-, (J-'t),^)- Assume an < 0. For < c < —an it holds 
that 



Eexp{cVtAr) < exp(cfo) 
Proof From (|4.3p one obtains 
Eexp(cI4AT) = exp(cuo)E 



Eexp I 2cai2 



tAr 



Y,ds 



1/2 



exp I c 



iAr 



X exp cai2 



\Vs\dW^s + can 



tAr 



V,ds 



tAr 



< exp(cuo) 



Eexp I 2c 



tAr 



YJs 



\Vs\dWi. + 2cau 



tAr 



V^ds 



1/2 



Eexp ( 2cai2 



(At 



Y,ds 



1/2 



where the last inequality follows from Cauchy-Schwarz. For 0<c<— an 
it holds that 



exp I 2c 



tAr 



tAr 



Vs\dWi,s + 2can / Vsds \ <£{ 2cVI^.|d^^i,s)tAr, 

since 2c(c + an) < and V^ > holds for all s < t. By optional sampling 
(see for example Problem 1.3.23 in [lO]), the stopped exponential process in 
the above display is also a supermartingale. So it has expectation less than 
or equal to 1 and the result follows. D 



Lemma 4.4. Let f : [0, oo) 
that 



be integrable. For all t > 0, e > it holds 



/t+e 1 rt+£ 

f{s)ds) < - exp{efis))ds. 



Proof Fix t > 0, e > 0. Define a probability measure fi on the Borel 
sigma-algebra B{M) by 

1 



dfi 



-1 



lt,t+e] 



dX, 
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with A the Lebesgue-measure. The exponential function is convex, so we 
can apply Jensen's inequality to obtain 

exp( / f{s)ds) = exp f / ef{s)fi{ds) j < / exp{e f (s)) fi{ds) 

j-t+e 

= £~^ I exp{ef{s))ds. 

D 

Lemma 4.5. Let {{V,Y),W) be a solution to |^.3| j, (f^.^[ j, on some filtered 
probability space {0,,J^, (.Ft),P). Assume 022 < 0, deta > 0. Write 

— 2a22 det a 2ai2 det a 

1 2 IT 2 ' '^ 2 ji 2 ■ 

'^12 + "^22 '^12 ' '^22 

Then for < c < C2 ii /lo/ds that 

Eex.p{cYtlt<r) < 1 + exp(A:(t)), 
wzi/i k{t) = civo + C2yo + C262il{62>o}- 

Proof Since Ciai2+C2a22 = and Ciaii+C2a2i = ~^(ci+C2), (14. 3p and (j4.4p 
give 

Eexp(ciytAr + C2l"tAr) = 

|-tAr 

= Eexp f ci^o + C2yo + C2b2{t A r) + / (ciCn + C2a2i)^st^'S 

+ / (Ciai2 + C2a22)Ysds + / y/\V^\{ci C2)dWsj 

, i-tAr r-tf\T 

< exp(A;(i))Eexp ( / v^(ci C2)dW, -\ {c\ + cl)Vsds 



= exp(fc(t))Ef ( / Vl^sKci C2)dM^.)iAr 
JO 

< exp(A;(i)). 
Note that ci > and C2 > 0, so for < c < C2 we have 

Eexp(cytl{t<^}) < Eexp(cyjl{t<r}l{yt>o}) < Eexp(c2yil{t<T}l{yt>o}) 

<l+Eexp(c2ytAr) 

< 1 + Eexp(ciVtAT + C2Yt^r), 

which gives the result. D 

Proposition 4.6. Let {{V,Y),W) be a solution to |.^.g| j, i4-4\) ; on some 
filtered probability space (0,^, (.Ft),P). Assume (f^.^[ j anc/ (^7^. Fix an 
arbitrary c > anrf define 



e(t)=niin(-^,i(-t+7t2+ ^'' 



c V V cai2 
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with C2 as in Lemma \4-5\ Then for all t > it holds that 

/ rt+e{t) \ 

Eexp c / Vs/\rds < oo. 

Proof Fix t > and e := e(t). Applying respectively Lemmas 14.41 14.31 14.41 
and 14.51 we obtain 

E exp I c / VsArds 

nail fi+^ 



e 



< -exp(ecfo) / ds Eexp I 2ecai2 / Yul{u<T}du ] 



1 /•*+'^ 

< -exp(ecfo) / ds 
£ Jt 



ni/2 

1/2 



E e'x.p{s2ecai2Yul{u<T})du 



ESll , , /■*+^ , ri f' 
< -exp(ecfo) / ds - (1 + exp 
e Jt [s Jo 



ik{u)))du 



1/2 



< oo, 



with k{u) = ciVq + 022/0 + C2&2'ul{b2>o}- Note that to apply Lemma H3] it is 
necessary that 

< ec < —flu, 
which holds true by definition of e{t). To apply Lemma [4. 5 1 we need to check 
that 

< s2ecai2 < C2, for all t < s < i + e. 
Choosing s = t + e this comes down to 



e^ + te 



C2 



2cai2 



< 0. 



This is satisfied if and only if 



which indeed holds true. 



2C2 

cai2 



<e< 



-t+ \ t'^ + 



2C2 

cai2 



D 



Using this proposition we can now verify the local version of Novikov's con- 
dition, as given in Corollary 3.5.14 in |10j . 



Proposition 4.7. Let {{V,Y),W) be a solution to |^.3| j, {4-4\) j on some 
filtered probability space (O,.?-", (.7-f),P). Assume 1^4 -^ ^f^d ( [^.5[ j. Then for 
all c> there exist = to < ti < t2 <■..< tn ] oo such that 

fti + l 

Eexp(c / VsArds) < oo, for all i, 
Jti 

and L^ = <?(/q X y/VsA^dWs)t is a martingale for all A G M^. 
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Proof Fix c > and take to = 0, tj+i = tj + e{ti), with e defined as in 
Proposition 14.61 The result follows upon noting that t„ = X^"Jq e(tj) T oo. 
The latter can be proved by contradiction. Suppose i„ t M < oo. Then on 
the one hand e{tn) — > 0, since the sum Y17=o ^(*«) converges. But on the 
other hand, 



cai2j 



£{tn) = min , 2 -tn + \ tl + 



which is a contradiction. Hence tn 1 oo. Since the local version of Novikov's 
condition holds true, Lj is a martingale for all A € M^. D 

5. Negative volatility for S(2) without Feller conditions 

In the previous section we showed that the measure transformation given in 
Step [2] is legitimate for S(2). Now we complete the proof of the necessity of 
the Feller conditions by completing StepO Recall that by Proposition l4.1l we 
can write an SDE from S(2) in canonical form as given by (j4.3p and (j4.4p . 
Then the SDE (|2.2p . obtained after the measure transformation, assumes 
the form 

(5.1) dVt = (a^^Vt + ai2Yt)dt + y^ldW^^, Vq = vq > 0, 

(5.2) dYt = {a^^Vt + a22Yt + h2)dt + vWo!M^2^, Yo = Vo ^ K, 

with t < T and a^i = an + Ai and Ogi = a2i + A2. So in the corresponding 
ODEs for the expectation, the parameters an and 021 depend on the chosen 
underlying probability measure and are thus free to choose. Analogously to 
Proposition 13.11 we prove: 

Proposition 5.1. Let ai2, 022, ^2, xq > 0, yo ^e arbitrary hut fixed pa- 
rameters and let an and 021 be variable. Consider the family of systems of 
differential equations parameterized by an, 021.' 

(5.3) X = aiix + ai2y, x{0) = xq > 0; 

(5.4) y = a2ix + a22y + h, y{0) = yo. 

Write x{t, an, a2i) for the solution x{t) depending on an and 021- //ai2 7^ 
and {xQ,XQ,yQ) 7^ (0,0,0), then it holds that for all to > there exist an 
and a2i such that x{to,an,ci'2i) < 0. 

Proof We use the same notation as in the proof of Proposition 13. H but for 
reasons of brevity we write x(t) instead of x{t, an, a2i). Again, by eliminat- 
ing y we obtain a second order equation for x: 

(5.5) X — Tx + Ax — p = 0, 
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li D = T^ — 4 A < 0, then the characteristic equation r^ — rr + A = has 
two different complex roots, which are rj = gl''" =t iy^lDl). In that case the 
differential equation for x has the general solution 

x{t) = exp(iTt)(ci cos{Lot) + C2 sin(a;t)) + x, 
with to = i^\/\D\ and ci, C2 are determined by the initial conditions xq and 



2 

yo of the original system. Solving for ci and C2 yields 

Ci= Xq- X, 

C2 = -{xq - ^t(xo - x)). 

to 
Without loss of generality we may assume ai2 > as we can substitute —y 
for y to change the sign of ai2. Note that 

(5.6) 021 -^ —oo =^ A — > oo =^ D -^ — oo, x ^ and uj — > oo. 

Fix to > and suppose xq > 0. By (|5.6|) we can choose 021 such that D < 0, 
ll) = {tt + 27rk)/to for some k G N, and x < (3;oexp(irto)/(exp(irto) + !)• 
It follows that 

x{to) = - exp(irio)ci + x = -xq exp(irto) + (exp(irto) + 1)^ < 0. 

If Xq = and p 7^ then we take an such that sgn (r) = sgn (p) and 021 
such that D < 0, UJ = 27r/c/to for some k £ N, which is possible in view 
of (|5.6|) . Then A > and sgn (x) = sgn (r), so 

x(to) = exp(|rto)ci + x = (1 — exp(irio))x < 0. 

If Xq = p = and xq 7^ 0, then we choose 021 such that D < 0, uj = 
(ivr + ■Kk)/to with A; E 2N if xq < and /c G 2N + 1 if xq > 0. Then 

x(to) = exp(iri)c2sin(u;to)) = exp(irt)— • (l{i.o<o} - l{io>o}) < 0- 

UJ 

If Xq = p = xo = then i/Q = 0, so this case is excluded by assumption. D 

Since Novikov's condition is only verified under (14.51) . we do not know 
whether L^ defined by (12. 3p is a martingale without this condition. There- 
fore, to apply the methodology of Section [2] to the more general case, we 
need to do some extra work. First we show in Theorem 15.21 the necessity of 
the Feller condition 012 = 0, when ()4.5p does hold. Then in Theorem 15.31 
we relax ()4.5p to 022 < 0. We show that if 022 < and the Feller condition 
«12 = is violated, there exists a solution {{V,Y),W) to the SDE (j5.1|) . 
(j5.2p . up to the stopping time r, such that V gets negative with positive 
probability. This is done as follows. 

We construct a solution to the SDE by first changing the other parameters 
ail and 021 in such a way that (14. 5p does hold, and obtaining a solution to the 
corresponding SDE under some measure Q (for which we know that V gets 
negative with positive Q-probability from Theorem 15. 2p . Then changing the 
measure Q into an equivalent measure P, we retrieve the original SDE using 
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Girsanov's Theorem. By equivalence of measures V will also get negative 
under P. 

Theorem 5.2. Let ((V, Y), W) be a solution to ( f^.3| j, (f^.^[ j, on some filtered 
probability space {0,,J-',{J-'t),P). Assume the Feller conditions are violated 
by (4^- I'^ addition assume ( (^.Jp . Then for all T > it holds that 

P(r < T) > 0. 

Proof We follow the methodology as described in Section [2] and give a proof 
by contradiction. Time is restricted to an arbitrary but finite interval [0, T], 
with T > 0. Proposition l4.7l gives that L^, as defined by (|2.3p . is a martingale 
for all A G M^. So we can change the measure on J^t by dQ^ = L^dF and 
obtain an SDE under Q"*", as given by (|5.ip and (15. 2p . up to r A T. Now 
assume P(r < T) = 0. Then we can apply Lemma 12. 1[ By Proposition 15. H 
for all t £ (0,T) we can choose A such that EqaVj < 0, which implies that 
Q^(Vi < 0) > and by equivalence of measures also P(Vt < 0) > 0, which 
contradicts the assumption that P(r < T) = 0. D 

Theorem 5.3. Consider an SDE in C(2) given by li4-3{ ) and (4^- Assume 
the Feller conditions are violated by ai2 > 0. In addition assume 022 < 0. 
Let time be restricted to an arbitrary but finite interval [0,T], with T > 0. 
Then there exists an adapted stochastic process ((y,Y), W) on some filtered 
probability space {Q, J^, {J^t)o<t<T,^) which is a solution to (4^> i4-4\ ); W 
to tAT, such that P(r < t) > for all t G (0, T]. 

Proof Take A G M^ such that (j4.5p holds true with an replaced by an + Aj, 
for i = 1,2. Let {{V,Y),W^) be a weak solution to ([5?T]) . (jOll . on some 
filtered probability space {Q,T,{Tt),Q''^), with time unrestricted. For this 
the conditions of Theorem 15.21 and Proposition 14.71 hold true. Applying the 
theorem gives that Q (r < t) > for all t. Applying the proposition with 
—A instead of A gives that 

L;^ := £{ f -X^y^V^^dW,% 
Jo 

is a martingale. It follows that P defined by dP = LTp dQ is a probability 
measure on J^t equivalent to Q . Moreover, the process W defined by dWt = 
dWl" + ^/Vt/^\dt is a Brownian Motion on [0, T] under P by Girsanov's 
Theorem and {{V,Y),W) solves 



dVt = (<l^t + Cil2Yt - XiVt;,r)dt + V\Vt\dWi, 



t, 



dYt = {a^^Vt + a22Yt + 62 - \2Vt^r)dt + ^/\Vt\dW2,u 

under P with time restricted to [0, T]. Therefore, {{y,Y),W) is a solution 
to (j4.3p . (|4.4p under P, when time is restricted to [0, r A T]. By equivalence 
of P and Q^, we have P(r < t) > for ah t G (0, T]. D 
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Appendix A. Measure transformation for Am(p) 



In this section we prove that the exponential process L^ defined by ()2.ip is 
a martingale for all A S M^ for the class A^ip)- We present two methods. 
The first is by verifying Novikov's condition by making use of the explicit 
form of the square root SDE. The second method uses pathwise uniqueness 
and also applies to a more general situation. 

A.l. Using Novikov's condition. As mentioned in [T] page 129, a local 
version of Novikov's condition holds for square root SDEs which satisfy the 
Feller conditions. A good reference is lacking though. The 1-dimensional 
case, equivalent to the Cox-Ingersoll-Ross model, is treated in [15] and the 
proof uses an application of the Feynman-Kac formula. For the general case 
Am{p) we will present a different method to verify Novikov's condition. The 
underlying idea has also been used for verifying Novikov's condition for the 
class C(2) without the Feller conditions, see Section HI Note that under the 
Feller conditions Vi^t > almost surely, so L^ defined by ()2.ip can be written 
as 

(A.l) L^ = £i[ X^VvUQdWs)t. 

Jo 

We prove that a local version of Novikov's condition holds for A^ (p) under 

the additional requirement 

(A. 2) 3cj > for i < 771 such that ^ ■ CjUji < —■^mcf for all i < m. 

For m = p = 2, elementary but tedious computations show that (jA.2|) is 
satisfied in the following four cases: 

(i) 012,021 >0, aii,a22<0, deta>0 
(ii) 012,021 <0, 011,022 >0, deto<0 
(iii) 011,012 <0 

(iv) 022,021 < 0. 

Notice that the first case involves a sharpening of the weak Feller conditions 
for C2(2) on the elements of o. This illustrates that Condition ()A.2p is not 
vacuous and not in contradiction with the Feller conditions. 

Proposition A.l. Consider a solution {X, W) on some filtered probabil- 
ity space {^,J-',{J-'t),^) to a square root SDE from Am{p) with parame- 
ters a, b, a, (5. Assume in addition that liA.^) holds. Then for all A € M^ 
Novikov's condition is satisfied for L^ defined by /IA.1\) . whence L^ is a 
martingale for all \ ^W . 

Proof Let A E M^ be arbitrary. It is sufficient to find e > such that for all 
i > we have Eexp(i J"^ "^ \^v{Xs)Xds) < oo. Note that by the canonical 
representation and by the Feller conditions (jl.Sp . this expectation reduces 
to the form 

rt+e ™ 

E exp( / (go + ^ qiXi^s)ds), for some qj > 0, j = 0, 1, . . . , m. 



16 PETER SPREIJ AND ENNO VEERMAN 

Take e > such that eqi < Ci for ah i <m. Since X solves (ll.ip in canonical 
form (see (ll.4p ). one gets 

Eexp(/ '^QiXi^sds) < - Ee-x.p(^ CiXi^s)ds 

•^* i=i ^ -^^ i=i 



= - exp(^ Ci{xifl + bis) 

Eexp(V'(/ 'S2ciaijXj^udu+ Ci^/X^dWi^u))ds. 
,=1 Jo .^^ Jo 

Interchanging the summation indices, applying a general form of Holder's 
inequality and using the assumptions on q, we obtain that 



Eexp(V'(/ ^CiaijXj^udu+ ci^JXi^udWi^u)) 
i=i Jo j=i Jo 

TTl' n O III n a 

<rr[Eexp(/ y^mcjajiXi,udu^ \ mci^/X~dWi^u)]^/"' 
i=i Jo j=i ' Jo 

<TT[Eexp(/ -^{mc,fX,^udu+ I mc,^X~dW,,u)\^l'^ 
i=i Jo Jo 

m 
i=l 

where the last inequality holds by the supermartingale property of an expo- 
nential process. The result follows. D 

When the additional requirement ()A.2p does not hold, we cannot verify 
Novikov's condition for proving that Lj is a martingale. However, applying 
the above proposition twice solves this problem. We first transform the SDE 
such that (|A.2p does hold and then transform it back to the desired SDE. 
This is possible since the above proposition is valid for all A G W. 

Proposition A. 2. Consider a solution {X, W) on some filtered probabil- 
ity space {i^,J^,{J^t),¥) to a square root SDE from Am{p) with parameters 
a, b, a, (3. Then L^ defined by iA.l\) is a martingale for all A E W . 

Proof Let q > be arbitrary, i < m. It is possible to choose /^ G M^ such 
that 

Ci{aii + i^i) + y^ CjOji < —^mc^ , for i < m, and iJ-i = for i > m. 



We first show that L^ = £{fi^ y^v{X) ■ W)t is a martingale. Therefore, 
we consider the SDE in Am{p) with parameters a^,b,a,f3, with a^- = an + 
fj,i, for i < m, a^- = aij otherwise. This SDE satisfies the conditions of 
Proposition lA.li By existence of a (strong or weak) solution, there exists a 
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filtered probability space (^i, J^, {J^t),Q^) with an adapted process X and a 
O^^-Brownian motion W^ such that 



dXt = (a^Xi + b)dt + ^v{Xt)dWl'. 
By Proposition lA.ll the exponential process 

is a Q'^-martingale. Moreover, for a fixed arbitrary T > 0, the stopped 
process L^'^^ is uniformly integrable. Hence we can change the measure Q'^ 
into an equivalent measure P on ^oo by dP = L^^dQ'^. Then W defined by 



dWt = dWt + fi^yJv{Xt)l{t^T}dt, 

is a P-Brownian motion. Furthermore, {X, W) is a second solution to the 
initial square root SDE 



dXt = {aXt + h)dt + ^v{Xt)dWu P-a.s., 

with time restricted to [0, T]. Hence applying Proposition IB. 21 (with j4 = 0) 
gives that X and X have the same law. Moreover, for t < T we have 

(L-^)-i = £{fJ^fi{F) ■ W)t = Sifi'^iX -Xo- f {aX, + b)ds))t, P-a.s., 

Jo 

and 

L'^ = £ifi^y^^J{X)- W)t = £{fi^{X -Xo- I {aXs + b)ds))t, P-a.s., 

Jo 

so (L^ ^^-1 a^j^fj 1^1^ are equal in law for t < T. By equivalence of P and Q'^, 
it holds that E^{L~''y'^ = 1 for all t > 0. Therefore, EpLf = 1 for t < T. 
In fact, EpL^ = 1 for all t > 0, as T can be chosen arbitrarily, whence L^ is 
a P-martingale. 

Now we show that L^ is a P-martingale. Again fix an arbitrary T > 0. We 
change the measure P into an equivalent measure Q^ on J^t by (iQ^ = Lj,dF 
and see that 

dXi = {a^Xt + h)dt + ^v{Xt)dW^, 

for t <T, with VF'^ a Q^'-Brownian motion on [0, T] given by dWJ^ = dWt — 
fjJ yJv{Xt)dt. Applying Proposition lA. II again gives that £{v^ ■sJv{X) -W^^) 
is a Q^-martingale for all u ^W on [0, T], whence on [0, oo) since T > is 
arbitrary. Choosing u = \ — ^i gives that 



EpL,^ = EQML,^(Ln"' = Eq.£{\^ V^AX) -W^Ei-ii^ ^MX) ■Wi')t 



= Eqm^ ((A - ^^y^MX) ■ W% = 1, 

for all i > 0, which completes the proof. D 
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A. 2. Using pathwise uniqueness. For verifying Novikov's condition one 
needs the explicit form of the underlying SDE. There are more general re- 
sults in the literature for proving that an exponential process is a martingale 
without using the parameters of the SDE explicitly, for example those con- 
tained in [9], which treats the problem for Doleans exponentials of affine 
semimartingales under Feller conditions. These results cannot directly be 
used to show that the process defined in (jA.lh is a martingale. Other results 
are the theorems in [14], Theorem 1 in [T] and Theorem A.l in [6]. The latter 
theorem generalizes Theorem 1 in [T], but is not applicable for the square 
root SDEs in Am{p), since strictly positiveness of the diffusion part a is 
required. Moreover, it only treats the one-dimensional case. Therefore, we 
give another generalization of Theorem 1 in [1] which also applies to A^ (p) ■ 
The proof goes along the same line of thought, but for clarity we give it 
again, also to emphasize the need for existence and uniqueness of strong so- 
lutions, an aspect not mentioned in [1]. Note that the latter implies that we 
cannot apply the result to the general class Sm (p) , as it is not clear whether 
pathwise uniqueness holds for general square root SDEs. 

In the proof of the next proposition we use a uniqueness in law result 
for two weak solutions to an SDE up to a stopping time. This result is 
stated and proved in Proposition IB. 21 in the next section. Its proof uses the 
existence of strong solutions. 

Proposition A. 3. Let fi -.RP ^RP, a :RP ^ RP'^p, j-.RP ^ RP. Suppose 
we have weak existence for the p-dimensional SDE 

(A.3) dXt = fi{Xt)dt + a{Xt)dWt, 

as well as existence and uniqueness of a strong solution for the SDE 

(A.4) dXt = {ii{Xt) + a{Xt)^{Xt))dt + a{Xt)dWt. 

Let {X, W) he a weak solution to ( f^.3|) on some filtered probability space 
{i^,J-^, (J-'t),^) and {X,W) a solution to liA.4\ ) on a (possibly different) prob- 
ability space {^^J-, (.Ft),P). Suppose "y{Xt) and^{Xt) have continuous sam- 
ple paths under P respectively P. Then Yt = £{-^{Xt) ■ W)t is a ¥ -martingale. 

Proof Fix T > arbitrarily and define for n G N 

Tn = inf{t > : ||7(^t)|| > n} A T, t„ = inf{t > : ||7(^t)|| >n}^T. 

Then Y^ = £{'y{X)l[Q^^] ■ W)t is a P-martingale, since Novikov's condition 
holds. Furthermore, Y^j, = Y^, so Y"" is uniformly integrable, whence Y^ 
exists and equals Y^. We can change the measure P into an equivalent 
measure Q" on J^oo by dQ" = Y^dF. Then W defined by dWp = dWt - 
Y^dt is a Q"-Brownian motion and {X, W^) satisfies 

dXt = {^l{Xt) + a{Xth{Xt)l{t<r^})dt + a{Xt)dWl^, 

under Q". Therefore, (X,l^") is a solution to (IXi]) on (17, J^^, (J^^), Q") 
with time restricted to [0,rn]. 
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By continuity oi^{Xt) under P, we have P(||7(Xt-,J|| > n or Tn = T) = 1, 
whence Q"(||7(^t„)|| ^n or Tn = T) = 1, for all n, by equivalence of P and 
Q". So we can apply Proposition IB. 21 and obtain that r„ and t„ have the 
same distribution under Q" respectively P. 

By continuity of 7(Xj) under P, we have r^ t T, P-a.s., which implies that 
^t"l{t<T„} = Ytl{t<Tr,} T yd{t<T}, P-a.s. Hence we can apply the Monotone 
Convergence Theorem and obtain for t <T that 

ErYt = lim Epy,"lrj<, i = lim Q"(t < r„) = lim P(i < f„) = 1. 

n— >oo '- — -' n^oo n— >oo 

where the last equality holds since P(r„ ] T) = 1, by continuity of 7(^t) 
under P. Because T > was chosen arbitrarily, EpYj = 1 holds for all t > 0, 
whence It is a P-martingale. D 

Remark A. 4. Note that the above proposition implies existence and unique- 
ness of a strong solution for ()A.3p . Indeed, suppose {X^,W) and {X'^,W) 
are solutions to ()A.3|) on some filtered probability space {il,J^oo,{J^t),^)- 
Fix T > 0. Then P defined by dP = YrdF is a probability measure on 
J-'t, equivalent to P. Furthermore, W defined by dWt = dWt — Ytdt is a P- 
Brownian motion on [0,T] and {X^,W) and {X'^,W) are solutions to ()A.4p 
up to T. By pathwise uniqueness for ()A.4p it holds that 

p(x/ = x2,tG[o,r]) = i, 

which implies ^{X} = Xj^,i G [0,T]) = 1, as P and P are equivalent. Since 
T was chosen arbitrarily, it follows that P(Xj^ = X^,\/t > 0) = 1. Hence 
pathwise uniqueness holds for (|A.3h , which implies existence and uniqueness 
of a strong solution, by Theorem IV. 2.1 in [7]. 

Corollary A. 5. Consider a solution {X,W) on some filtered probability 
space (ri, JT, (.Ft),P) to a square root SDE from Am{p) with parameters 
a,b,a,j3. Then L^ defined by IIA.1\) is a martingale for all A G W^. 



Proof This follows from Proposition IA.3I with j{Xt) = ^Jv{Xt)\. Both 
SDEs from the proposition belong to A„i{p), for which weak existence holds 
by continuity of the parameters and satisfaction of a growth condition. Path- 
wise uniqueness holds by Theorem 1 in [TB], which implies existence and 
uniqueness of a strong solution, by Theorem IV. 2.1 in [7]. D 

Appendix B. Uniqueness for a stopped SDE 

As mentioned in the remark preceding Proposition IA.31 in this section we 
state and prove a uniqueness in law result for two weak solutions to an SDE, 
possibly defined on different probability spaces, up to a stopping time. This 
result is stated in Proposition IB. 21 In the proof we use a measurability 
lemma, which we prove first in Lemma IB. II 

Lemma B.l. Let (0,.F, (.Ft),P) be a filtered probability space, r a finite 
stopping time and X a stochastic process with continuous sample paths. If 
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Xt : 0, ^f M. is J^r+t-fn^cisurable for all t, then Xt-T^r<t is Tt-fneasurahle 
for all t. 

Proof It is possible to choose a sequence of stopping times Tn [ t a.s. such 
that r„ only assumes countably many values. Since X(„T-„lr„<t converges to 
Xt-T^T<t a.s., it is enough to prove the statement for r„, instead of r. For 
arbitrary Borel set B it holds that 

{Xt-r,^r,,<t eB} = {Xt-r„ G 5, r„ < t} U {0 G B,Tn > t} 

= \J{Xt^k G B,Tn = k}U{OeB,Tn> t} 
k<t 

= \J{{Xt-k eB,T<k}n{Tn = k}) U {0 G S, T„ > t}. 

k<t 

Since Tn is a stopping time, we have {0 G i?, r„ > t} G J^t as well as 
{vn = k} £ J^t for k < t. Moreover, Xt is J/-V-|_i-measurable for all t, which 
means that 

{XteB}n{T + t<s}e Ts, for ah t and s. 

Choosing s = t and substituting t — k for t in the above display gives 

{Xt^k G 5} n {r < fc} G Fu 

which completes the proof. D 

Proposition B.2. Consider an SDE 

(B.l) dXt = fiiXt)dt + a{Xt)dWt, 

which has a unique strong solution {X,W) on {il,J^,{J^t),^)- Let t he a 
stopping time of the form 

T = inf{t > : Xi G ^} A T, 

with A a measurable set and T > 0. Let {X, W) he an adapted stochastic 
process on a filtered probability space {0,,T, (J^f),P), with W a F-Brownian 
motion. Suppose {X, W) is also a solution to liB. 1\) under ¥, but on the 
stopped interval [0, r], where we write 

9 = inf{t >0:Xt£A} AT. 

If¥{X^ G A or T = T) = 1, then the stopping times t and r as well as the 
stopped processes X'^ and X'^ have the same distribution under P respectively 

P. 

Proof We extend the solution X to (jB.ll) on [0, f] to a solution Y to (IB.1|1 
on the whole interval [0, oo), for which we use existence of a strong solution. 
Define a filtration (Gt) hy Gt := JV+t- Then Wt := W^+t - W^ is a P- 
Brownian motion with respect to (Gt)- By existence of a strong solution, 
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there exists a process Z adapted to Q with initial value X^ such that 

Zt = X^+ [ fi{Z,)ds+ [ a{Zs)dWs. 
Jo Jo 

Define 

Yt = Xtlt<r + -^t-f li>?- 

By Leninia lB.il Yf is .T^f-nieasurable. It holds that If +4 = Zf for t > 0, so 
that 

y^+i = Zt = X^+ [ KY^+s)ds + [ a{Y^+M%+s - %) 
Jo Jo 

= Xr+ [ KYs)ds + / a{Y,)dWs. 



Note that 



Xf = Xo+ I n{X,)ds+ I a{X,)dWs 
Jo Jo 

= Xo+ [\{Ys)ds+ r a{Y,)dWs, 
Jo Jo 



whence 



Ytlt>9 = Y9+t-9lt>9 = (^- + / f'i^^^ds + ^ aiYs)dWs)lt>r 

= {Yo+ I fi{Ys)ds + / a{Ys)dWs)lt>9. 
Jo Jo 



On the other hand it holds that 

ft ft 



Ytlt<9 = Xtlt<9 = {Xo+ [ fi{Xs)ds + [ a{Xs)dWs)lt 

Jo Jo 

= {Yo+ f fi{Ys)ds+ I a{Ys)dWs)lt<9. 
Jo Jo 



Hence {Y^W) is a solution to (jB.ip on (O, J^, (.7^i),P). By uniqueness in 
distribution, Y and X have the same distribution. Since the paths of X and 
Y coincide for t < t and since ^{X9 £ ^ or r = T) = 1, it holds P-almost 
surely that 

f = inf {t >0:YteA} AT. 

Comparing this with the expression for r, we see that r and r as well as Y'^ 
and X'^ have the same distribution. From Y'^ = X'^ it follows that X'^ and 
X'^ have the same distribution. D 
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